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Weighted Input

Why / When ?

 Coreset for coreset

« Streaming model: we want to update the coreset every time a new data
point arrives. Thus we have a weighted input (the old coreset) and we want
to compute a new coreset.




Weighted Input

Why / When ?

 Coreset for coreset

 Streaming model:
Reminder: Streaming Caratheodory.
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Weighted Input

Why / When ?

 Coreset for coreset

« Distributed (and streaming) model: the output of each (distributed)
machine is a coreset. Thus to compute the final coreset we have multiple
weighted sets of input.




Weighted Input

2 weighted input sets

2
Why / When * (C1, 1), (Cz, @)
Processing unit 1
» Coreset for coreset o B l:l
 Distributed (and Streaming) model: mg D
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Weighted Input

Why / When ?

 Importance sampling (sensitivity)

 Unlike uninform random sampling, where the probability is equal for all
data points, we want to be able to give different probabilities (importance).

Bigger weight
— more important




Weighted Input

Why / When ?

« Non-points data input (e.g. lines/planes)
« Example: 1-mean/center for lines/planes
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Weighted Input

Why / When ?

_—e---e"
 Non-points data input (e.g. lines) 3D-Model', "

« Motivation: Computer Vision




1-Center for Weighted Input

Given (P, w) where P € R%and w: P — R such that Y. ,cp w(p) = 1, find
the point x € R% that minimizes:
far(P,w,x) = max w()|lp — x||
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1-Center Queries for Weighted Input

* Input: (P,w,X, far) where P € R%, w: P —» Rand Y w(p) = 1, X € R,
far(P,w,x) = max w() - |lp — x| Farthest point from x

IS not necessarily one of
the edge points!

* Difficulty:
far(p7;, w7,x) = w7 |p7 — x| =0.1+x45 =4.5
far(ps, ws, x) = ws - |ps —x| =0.3x25=7.5
(1)2 — 01 Wy = O 2 (1)6

w1 % 0.1 i w3 =i:= 0.1 E W+ I,II 0.3 : w7 == O 1
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1-Center for Weighted Input

Weighted 1-Center

» Connectionto lines in d = 2:

Distance to lines in R?
far(ps, ws,x) = ws - |ps — x|

W1 W w3 Wy Ws Weg W7

dist(x,fz) = sinasg - dist(ps, x)
= sin(sin"! w:) - |p= — «]
= ws * |ps — x|
= far(ps, ws, x)




1-Center for Weighted Input

* Observation:

All points might have the same weighted distance w(p;)||p;|l = 1 to

the origin:
All lines are tangent to the unit circle.
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1-Center for Weighted Input

» Claim:
There Is an Input point p™ € P which Is a factor 2 approximation to
Triangle the optimal 1-center x* of the weighted set (P, w):

inequality far(P, W, P*) <2 far(P, w, xQ

/‘ lp — o7l @ far(P,w,x*) < far(P, w, x)
<llp-xl+llx —pl| ® ® for every x € Q
<2-[p-x| p --®@ P" — Closest point to x*
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> w@) - lIp-p°l iy ], I -2l @

<2-w():l|p-—x7| ~x¥ - slp—x|
foreveryp € P ®

O
- far(P,w,p*) <2 -far(P,w,x")@® @



Coreset for 1-Center with Equally Weighted Input

- Observation:

If all the data points have the same weight, i1.e. for ever p € P, w(p) = A, then a
coreset for 1-center with non-weighted input (P) is also a coreset for 1-center

with weighted input (P, w).

* Proof:

Let C be a coreset for the non-weighted data P. Then for every g In the query
space Q:
[far(P,q) — far(C,q)| = far(P,q) — far(C,q) < 0(¢) - far(P,q)

Therefore, it also holds that:
A-far(P,q) —A-far(C,q) <A-0(e) - far(P,q)

- far(P,A,q) — far(C,A,q) < 0(€) - far(P,A, q)



Coreset for 1-Center with Weighted Input

* Input: (P,w,X, far) where P € R%, w: P - Rand Y w(p) = 1,
X S R, far(P,w,x) = maxw(p) - [Ip — x|l
p

* Qutput: CCSPs.t.|far(P,w,x) — far(C,w,x)| < 0(e) - far(P, w, x)

minimal
Weight R Wimin wmin(l + E) wmin(l + 6)2 wmin(l + 6)3 1

Py P, P @00

@ © o 0 o0 . | )

\ @ J ® ® !

Y ith bin: [A;, A;(1 + €)]
All pointsp € P 1 1
with weight | log—  log—
A1 = Wmnmin < w(p) < wmin(l + E) #blnS = )l = =

log(1+¢€) €



Coreset for 1-Center with Weighted Input

* Input: (P,w,X, far) where P € R%, w: P - Rand Y w(p) = 1,
X S R, far(P,w,x) = maxw(p) - [Ip — x|l
p

* Qutput: CCSPs.t.|far(P,w,x) — far(C,w,x)| < 0(e) - far(P, w, x)

Wmin Wmin(1+€) wmin(l + 6)2 wmin(l + 6)3 1
A | P, Py XK '

e e ea® o i
3 ‘./) @ @ @ ‘0 (Coreset for 1-cente)
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Coreset for 1-Center with Weighted Input

* Input: (P,w,X, far) where P € R%, w: P - Rand Y w(p) = 1,
X S R, far(P,w,x) = maxw(p) - [Ip — x|l
p

* Qutput: CCSPs.t.|far(P,w,x) — far(C,w,x)| < 0(e) - far(P, w, x)
Wimin Wmin(1 + €) wmin(l + 6)2 wmin(l + 6)3 1
B BOPEE LN P o090 ! ‘
@ ) ® !(\‘ ‘,,' - ® : @  (Coreset for 1-cente) (C1, w)
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Without the weights
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Coreset for 1-Center with Weighted Input

* Input: (P,w,X, far) where P € R%, w: P - Rand Y w(p) = 1,
X S R, far(P,w,x) = maxw(p) - [Ip — x|l
p

* Qutput: CCSPs.t.|far(P,w,x) — far(C,w,x)| < 0(e) - far(P, w, x)
Winin Wmin(1 + €) Wmin(1+ €)? Wmin(1+€)° 1

Py , P, | P | 00
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Coreset for 1-Center with Weighted Input

* Input: (P,w,X, far) where P € R%, w: P - Rand Y w(p) = 1,
X S R, far(P,w,x) = maxw(p) - [Ip — x|l
p

* Qutput: CCSPs.t.|far(P,w,x) — far(C,w,x)| < 0(e) - far(P, w, x)
Wimin wmm(l + €) wmm(l + 6)2 wmm(l + 6)3 1

Py , P, | P | 00

o e 00 g\ é ;
° @ @ \?‘0 (Coreset for 1-cente) (C{UCy U C3,w)
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Coreset for 1-Center with Weighted Input

* Input: (P,w,X, far) where P € R%, w: P - Rand Y w(p) = 1,
X SR far(P,w,x) = max w(p) - [[p — x|
p

 Qutput: CCSPs.t.|far(P,w,x) — far(C,w,x)| < 0(e) - far(P, w, x)
Wmin wmin(l + E) wmin(l + 6)2 wmin(l + 6)3 1
Py P, P @00 |
e © o0 004
@ O ®

C=C1U62U“°UC)L

1\0@
|ICl =|C{UC,U:--UC(,] =A-<E>



Coreset for 1-Center with Weighted Input

* Input: (P,w,X, far) where P € R%, w: P - Rand Y w(p) = 1,
X S R, far(P,w,x) = maxw(p) - [Ip — x|l
p

* Qutput: CCSPs.t.|far(P,w,x) — far(C,w,x)| < 0(e) - far(P, w, x)
Wimin wmin(l + E) wmin(l + 6)2 wmin(l + 6)3 1
P P, P @00 |
e © o0 004
O O ®

» Left to prove that:
Foreveryi € {1,...,A}andeveryx € X :
far(P;,w,x) — far(C;, w,x) < 0(¢) - far(P;, w, x)




Coreset for 1-Center with Weighted Input

o |eftto prove that:
Foreveryi € {1,..,A}andeveryq € Q : ﬁar(Pi,w, x) = wgp*zlllp* - xlm
far(P,w,x) = far(C, w,x) < 0(€) - far(Py, w,x) | farCPube) =o' @Dp" x|

* W know that: farwx)  w@)lpt -zl

o orove Foreveryi € {1,..,A}andeveryq € Q : far (P b x) o Dl = x|
this inpprevious far(Py,x) — far(Cy,x) < 0(e) - far(P;, x) - w(@P)llp* — x|

slides  — far(Pi)Ai) X) o far(cii Ai) x) = O(E) ) far(PiiAi;ﬂ —w'(p ,)”p* — x|l

w(p”*)
far(P;, w,x) — far(C;, w, x) tw,(p*,) <(1+e¢) A /
A\ \ A; < w(py) forevery p; € P;

<(1+4¢€): far(P;, A, x) — far(C;, A;, x)
=€ far(P;, A, x) + far(P;, Ay, x) — far(C;, Ay, x) < 2€ - far(P;, A;, x)

<2 far(P,w,x) =0(€) - far(P;, w,x) g



Coreset for 1-Line in R?

e Input: PCS R?,Q ={f|2isalineinR*}, dist(p,£) = mEi?IIp — x|,
X
 Qutput: C S Ps.t. V¥ € Q:maxdist(p,f) — maxdist(c,?) < € - max dist(p, )
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Coreset for 1-Line in R?

e Input: PCS R?,Q ={f|2isalineinR*}, dist(p,£) = mEi?IIp — x|,
X
 Qutput: C S Ps.t. V¥ € Q:maxdist(p,f) — maxdist(c,?) < € - max dist(p, )
pPEP ceC pEP
O O ® ®
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Coreset for 1-Line in R?

* |nput: PC R?,Q ={f|2isalineinR*}, dist(p,f) = mEi?IIp — x|,
X
 Qutput: C S Ps.t. V¥ € Q:maxdist(p,f) — maxdist(c,?) < € - max dist(p, )
pPEP ceC pEP
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Coreset for 1-Line in R?

e Input: PCS R?,Q ={f|2isalineinR*}, dist(p,£) = mEi?IIp — x|,
X
 Qutput: C S Ps.t. V¥ € Q:maxdist(p,f) — maxdist(c,?) < € - max dist(p, )
pPEP ceC pEP
O




Coreset for 1-Line in R?



Coreset for 1-Line in R?

£* 1s the line that minimizes
max dist(p, £)
peP

p* = arg maxdist(p,£*)
peP



Coreset for 1-Line in R?

£* 1s the line that minimizes
max dist(p, £)
peP

£’ is the translation of £* to
£*'s closest point p’

p* = arg maxdist(p,£*)
peP



Coreset for 1-Line in R?

£* 1s the line that minimizes
max dist(p, £)

/ peP

£ O ®

{*

£’ is the translation of £* to
® £*'s closest point p’

dist(p,?') < 2 -dist(p,€")

p* = arg maxdist(p,£*)
peP



Coreset for 1-Line in R?

£* 1s the line that minimizes

‘8,,
max dist(p, £)
/ peP

£ O ®
0 ® £' is the translation of £* to
@ ® £*'s closest point p’

O , ® dist(p,?) < 2 - dist(p, £*)

@ / @ 2" is the rotation of £’

around p’ to £''s closest
@ point
p* = arg maxdist(p,£*)
peP



Coreset for 1-Line in R?

£* 1s the line that minimizes

‘EII
max dist(p, £)
/ peP
£ O ®
0 ® ® £' is the translation of £* to
@ ® £*'s closest point p’

O , ® dist(p,?) < 2 - dist(p, £*)

@ / @ 2" is the rotation of £’

around p’ to £''s closest
@ point

p = arg rzgleazg( dist(p, ") dist(p, ") < 2 -dist(p, ')



Coreset for 1-Line in R?

dist(p,?"’) < 4 -dist(p,t* _ _ o
(P, £7) . &) £* 1s the line that minimizes

‘EII
max dist(p, £)
/ peP
£ O ®
0 ® ® £' is the translation of £* to
@ ® £*'s closest point p’

O , ® dist(p,?) < 2 - dist(p, £*)

@ / @ 2" is the rotation of £’

around p’ to £''s closest
@ point

p = arg rzgleazg( dist(p, ") dist(p, ") < 2 -dist(p, ')



Coreset for 1-Line in R?

Find £"" by exhaustive search
2" over every pair of points.

0(n3)




Coreset for 1~Line in R4

Find £’ by exhaustive search
over every pair of points.

0(n3)

Build a grid of lines with
e - OPT distance



Coreset for 1~Line in R4

Find £’ by exhaustive search
over every pair of points.

0(n3)

Build a grid of lines with
e - OPT distance

Project each point onto
1t’s closest line



Coreset for 1~Line in R4

Find £’ by exhaustive search
over every pair of points.
0(n?)
Build a grid of lines with
e - OPT distance

Project each point onto
1t’s closest line

Data dimension is now reduced.




Coreset for 1-Line in R4

Claim: The projected n points P’
are a “coreset’” (not part of the input data)
for any line query:

max dist(p,?) — maxdist(p,f) < e€- OPT
pPEP peP’ £

€ 0PT~

< 4e-O0PT

< 4¢ - maxdist(p, )
peEP

— Run with €' = i



Coreset far 1-Line in R4




COresetf 1-L|ne |n RZ Has no effect since it

IS the same weight for
all points

Vp € ¢;: dist(p,?) = w - dist(p, q;)

— Compute a 1-Center coreset C;
for each line #;!




COresetf 1-L|ne |n RZ Has no effect since it

IS the same weight for
all points

Vp € ¢;: dist(p,?) = w - dist(p, q;)

— Compute a 1-Center coreset C;
for each line #;!

C= UC,
1

since a union of two
?; coresets IS a coreset.



Coreset far 1-Line in R4

Problem:

The coreset is not part
of the input data.

Solution:

Pick the closest points In
the Input data to the points
of C.




of the input data.
: Solution:
Pick the closest points In
the Input data to the points
¢, OfC.
Y — This adds another error
*  ofe-OPT
? ____
max c?ist(p, ?) < maxdist(p,¥) + 2¢ - OPT
DEP p€EP’

Coreset far 1-Line in R4

Problem:
The coreset is not part

{4 < (1 + 8¢) - maxdist(p,?)
peP’




of the input data.
: Solution:
Pick the closest points In
the Input data to the points
¢, OfC.
Y — This adds another error
*  ofe-OPT
? ____
max c?ist(p, ) —maxdist(p,¥) < 2¢ - OPT
DEP peP’

Coreset far 1-Line in R4

Problem:
The coreset is not part

£
* < 8¢ - OPT < 8¢ - max dist(p,?)
p




Coreset for 1-Line in R4

Total time:
0(n3).

Coreset size:

4

2
|C| SZ-#IineszZ-E



Coreset for 1-Line in R4

Total time: Improvement:
0(n3). Run the above algorithm using the streaming tree.
Coreset size: Run on batches of size 2 - |C| = g
2 4 Total time:
|C|S2-#lines=2-E=E. g\
O(n - TimeForBatch) = O (n : <E> )

Error for streaming tree:
The error increases to (1 + €)!°8"~(1 + e logn)

— Run with ¢/ = —

logn



Off-line Coreset Construction

1) (Reduce): Cisa 1l + € - (core) set for P if:
Vq e Q,If(P,q) — f(C,q)l <ef(P,q)

2) (Merge): If C; i1s a coreset for P, and C, 1s a coreset for P,, then:
f(PLUP,) — f(CLUC)| <ef(PLUP,)

P, |Pl=m

4 )
Input: A query space Black Box
(P,Q.f)
Output: A (core) set C for P, |C| < lzﬂ
\_ /

C,|C|

N3



Streaming (€5)

(1 + €) — coreset

Black
Box

. for C, U P
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Proof

C, =P,

C, is a coreset for P; U P,

C; isacoreset for C;_; U P;

|f(P1UP) — f(C)| < ef(PLUP,)

|f(C; U P3) — f(C3)| < ef(C, U P3)

Need to prove that: |f (P, U P, U P3) — f(C3)| < ¢f(P, U P, UPy)

|f(PLUP,UP;) — f(C)| < [f(PLUP)+ f(P3) — f(C3)| = |[f(PLUP,) + f(Cy) — f(Cy) +
f(P3) — f(C)| < [f(PLUP,) — f(C)| +|f(C2) + f(P3) — f(C3)| < ef(PLUP,) +
f(C2UP3) = f(C) < ef (PLUP,) +€f(C,UP3) <e(f(PLUP,UPy) + f(C)) <
e(f(PLUP,UP;)+2f(PyUP,UP;)) < 0(e)f(PLUP, U P3)



Streaming

(1 + €)% — coreset

for P, U P,
Black
Box
(1+€)—coreset _ _ - ——-—C o ___
; - “~~<_. (1 +¢€) —coreset
orpP;, - N
( ) for P,
S ~ - <
il S~ - o ___ = — - -
Black Black
Box Box
I/ \\ I/ \\
\ I\ /
\\ // S //
Py P,



