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k-Lines problem

- Input: P € R
» Query space: Q = {{f4,....,4x} | £; is a line in R%}}
» Cost function: VL € Q:

dist(p, L) = mindist(p, £) = minmin |[p — x ||

* OPT = min dist(P, L)
LEQ
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4-approximation for k-Lines problem

(k=1, d=2)
£ 1S the line that minimizes
max dist(p,£)

/ peP
£ O ®
{*
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4-approximation for k-Lines problem

(k=1, d=2)

' £* 1s the line that minimizes
L .
max dist(p,£)
/ PEP
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£* ® £’ Is the translation of £* to
. @ ® £*'s closest point p’

) P @ @
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@ / @ 2" is the rotation of £’
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@ point
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4-approximation for k-Lines problem

dist(p,?'") < 4 - dist(p, ** (k=1,d=2)
®.£7) @, ) £* 1s the line that minimizes

rzrglezg( dist(p,?)

‘8,,

£’ O o
0 ® £' is the translation of £* to
. @ ® £*'s closest point p’

/ P @ @
O , ® dist(p,?") < 2 - dist(p, £*)

@ / @ 2" is the rotation of £’

around p’ to £''s closest
@ point

p’ = arg max dist(p,£") dist(p,€'") < 2 - dist(p, )



4-approximation for k-Lines problem

(k=1, d=2)
'z Find ¢’ by exhaustive search
over every pair of points.

O O(nZ)




(a, B)-Approximation for k-Lines

4 N

€

M points

e-sample

= points' algorithm

N /
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(a, B)-Approximation for k-Lines

O0(1) time

Return all lines

>
R constructed from

e-sample points

€ .
1 e-sample M points
T *( algorithm
Remove %
points closest to

lines
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(a, B)-Approximation for k-Lines

(a,f)-

O0(1) time

Return all lines

>
R constructed from

e-sample points

approximation

Add to
output

1 e-sample M points
T *( algorithm
é )
Repeat Py
logn Remove >
points closest to

times.
(-

lines

O(Mz)line-s

%




(a, B)-Approximation for k-Lines

Analysis:

- M = number of points returned by the e-sample algorithm
- B = 0(M?*logn).

- a = 4 since the e-sample points Is an 4-approximation.



Coreset for k-lines mean

* Input: P c R?
* Query space: Q = {{#4,...,¢x} | £;is a line in R%}
- Cost function: VL € Q:dist(p,L) = minmin|lp —x |l,, f(p,L) = dist(p, L)*

PEL x€?P
<e ) fp,L)

pEP

* Qutput: C<S Ps.t. VL € Q:

PWICHEDWICE?

DEP ceC




Coreset for k-lines mean

* Input: P c R?
* Query space: Q = {{f4,...,¢x} | ¢; is alinein R%}
- Cost function: VL € Q:dist(p,L) = minmin|lp —x |l,, f(p,L) = dist(p, L)*

el xe€f
* Qutput: C<S Ps.t. VL € Q:
D b= fleb|<e ) (L)
pEP ceC pEP

— Need to compute sensitivity s(p) for the problem above.



Coreset for k-lines mean

* Qutput: CcS Ps.t. VL € Q:
D =) fleb)|se ) fo.l)
pEP CeC pPEP

— Need to compute sensitivity s(p) for the problem above.

f
By the sensitivity Lemma:
f(',L)
< 2
z s(p) <pa+p-(1+a) z X P 1)
pEP p'ep’

\_




Coreset for k-lines mean

* Qutput:

CC Ps.t. VL € Q:

Z dist*(p,L) — Z dist*(c,L)

peP

ceC

<e€- Z dist? (p,L)

peP

— Need to compute sensitivity s(p) for the problem above.

The sensitivity
of the desired +
problem

(
—_ By the sensitivity Lemma: R
Zs(p) < pa+p?*(1+a) max
LeQ f(P',L)
pDEP p"
g

Sensitivity of
— the projected
points

Projection of

~——— ) Ppontothe

Bicreteria



Coreset for k-lines mean

4 )
By the sensitivity Lemma:
f(p', L)
< 2 2
ZS(p) <pa+p“(1+a) X (P 1)
pEP p'ep’
g )

v~ — Compute an (a, §)-approximation B for the k-lines mean problem

as previously described.



Coreset for k-lines mean

[
By the sensitivity Lemma:
f(p', L)
< 2
ZS(p) <pa+p“(1+a) X (P 1)
peP :
g

v~ — Compute an (a, B)-approximation B for the k-lines mean problem
as previously described.

v/ — Compute P’ = projection of P onto B.



Coreset for k-lines mean

4 D
By the sensitivity Lemma:
f' L)
2
2 s(p) < pa+p(1+ a) 2 I{lEanf(P,’ D
DEP p'ep’
\_ / J

v~ — Compute an (a, §)-approximation B for the k-lines mean problem
as previously described.

v/ — Compute P’ = projection of P onto

— Need to compute sensitivity s(p’) for the projected points.




Coreset for k-lines mean

— Need to compute sensitivity s(p’) for the projected points.
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Coreset for k-lines mean
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P’ = projection of P onto B +/."._./
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Coreset for k-lines mean

— Need to compute sensitivity s(p’) for the projected points.

P’ = projection of P onto B +/.,'0—‘/

— Now the points are on a set of lines

Bicreteria B




Coreset for k-lines mean

— Need to compute sensitivity s(p’) for the projected points.

Bicreteria B
LeQ

P’ = projection of P onto B

— Now the points are on a set of lines ‘

— The query L € Q Is a set of k lines



Coreset for k-lines mean

— Need to compute sensitivity s(p’) for the projected points.

Bicreteria B

P’ = projection of P onto B
LeQ

— Now the points are on a set of lines

— The query L € Q Is a set of k lines

— Distance to the set of lines L equals a
distance to a weighted set of points Q;

f(p,;L) = fa)(p’r QL)




Coreset for k-lines mean

- f(p",L) = f,(»,Q,) = min w-|lp—qll3
(qw)eEQy

- s(p') = maxf(p"L) = max fo(P’, Q1)
LeQ f(P',L)  quer? f,(P', QL)

— Need to compute sensitivity for the

weighted k-means problem
/

/

Weights are
unknown beforehand
(part of the query)



Sensitivity for Weighted k-means

* Input: P c R4

* Query space:  Q = {{(q1, w1), -, (@, W)} | q; € RY, w; € [0,0) }

» Cost function: VC € Q:

— _ 2
fo (0, C) = ml)récw f(p,c) = ml)relcw dist*(p,c)




Sensitivity for Weighted k-means

* Input: P c R4

* Query space:  Q = {{(q1, w1), -, (@, W)} | q; € RY, w; € [0,0) }

» Cost function: VC € Q:

fo(,C) = o @ - f(p,c) = Join - dlst\(p ,C)

r (Lipschitz)
- The function f satisfies the following two conditions for every p, q,c € R% :

1) Forgp= (4" f(p.q) — f(q,0) < ¢f (p,q) + 22
2) Forp =max{2""1,1}: f(p,q) < p(f(p,c) + f(c,q)).




Sensitivity for Weighted k-means

» Consider the following algorithm:

/Robust-Median(P, k):
o =P
- Fori=1-k

1_
Q; = closest {Qi—l' {qi}, Z_RE}

\-Return (g, Qk)

~

Compute a (% €, a)-approx q; of Q;_4

/




Sensitivity for Weighted k-means

/Robust-Median(P, k):

- Consider the following algorithm: | - Co =P
- Fori=1-k

Q; = closest {Qi—l: {qi}, %}
\-Return (qr, Qk)

Compute a (% €, a)-approx q; of Q;_4

~

/

L emma:
Let (g, Qi) be the output of Robust-Median(P, k).
Then for every p € Qy:

o)  maxJe @0 _ 000
€0 Tyer @, C) 10kl



Sensitivity for Weighted k-means - ~

Robust-Median(P, k):
- Q=P
- Fori=1-k

. 1 i
Compute a (;, €, uc)-approx qiof Q;,_4

-~ ) 1_
Q; = closest {Qi—_v {4}, Z_AE}

KRetum (G5, Q1) /

Example:
k=2

1
€T3

Iteration #1
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Sensitivity for Weighted k-means - ~

Robust-Median(P, k):

- Q=P

- Fori=1-k
. 1 i
Compute a (;, €, uc)-approx qiof Q;,_4

Example Q; = Closest.{()i_l, {q:}, %}
k —_ 2 KRetum (G5, Q1) /

1
€T3

Iteration #1

Q2

&



Sensitivity for Weighted k-means - ~

Robust-Median(P, k):
- Qo=P
- Fori=1—-k
Exam Ie . Compute a G, €, fx)-approx q; of Q;_4
PIE. Q; = closest {Qi—p {q:}, %}
k = 2 KRetum (G5, Q1) /

1
€T3

Iteration #1

Q2

&

01
Vp € Qz:s(p) < W
Q2]




Sensitivity for Weighted k-means

Proof:
Consider the variables Q,, ..., Q; and g4, ..., qi that are computed In the algorithm.
- p € P isserved by a weighted center (c,w) e Cif f,(p,C) = w - f(p,c).

- Let (¢;, w;) denote a center that serves at least 'Q‘ 1 points from Q;_,for every i € [k + 1].
- Let P; denote the points of P that are served by (cl, w;).

- Let Q] = closest (Qi—1, {q:}, =2, fi" = = 3o [(a,0:) Tor every i € [K].




Sensitivity for Weighted k-means

Proof:
Consider the variables Q,, ..., Q; and g4, ..., qi that are computed In the algorithm.

- p € P isserved by a weighted center (c,w) e Cif f,(p,C) = w - f(p,c).
- Let (¢;, w;) denote a center that serves at least 'Ql 1 points from Q;_,for every i € [k + 1].
- Let P; denote the points of P that are served by (cl, w;).
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Sensitivity for Weighted k-means

Proof:
Consider the variables Q,, ..., Q; and g4, ..., qi that are computed In the algorithm.

- p € P isserved by a weighted center (c,w) e Cif f,(p,C) = w - f(p,c).
- Let (¢;, w;) denote a center that serves at least 'Ql 1 points from Q;_,for every i € [k + 1].
- Let P; denote the points of P that are served by (cl, w;).

- Let Q] = closest (Qi—1, {q:}, =2, fi" = = 3o [(a,0:) Tor every i € [K].

IQl < f*(Quy) = min f.0)
It follows that |P; N Q;_;| = —— = |0;|. c QpedOS;(Qm)

1
2 flg,c)=f" (Qi—11E>

qEPiNQi_1



Sensitivity for Weighted k-means

Proof:
Case (I):

There is i € [k] such that: f(p,c;) < 16¢pa -

fi
[e4

Case (ii):
Otherwise.



Sensitivity for Weighted k-means

Proof:

Case (I):

Thereisi € [k] such that: f(p,c;) < 16¢pa - |£,|
k

Case (ii):

Otherwise.

Proof of Case (ii):
By the pigeonhole principle, ¢; = ¢; forsome i,j € [k + 1],i <.
Putg € PN Q;_;. Notethatp € Q, € Q;_;.
Using the Markov inequality,

fla.9j-1). f(p.qj-1) <

2f]*
B |Q] 1|




Sensitivity for Weighted k-means

Proof of Case (ii):

By the pigeonhole principle, ¢; = ¢; forsome i,j € [k + 1],i <.
Putg € PN Q;_;. Notethatp € Q, € Q;_;.

Using the Markov inequality,

2fi4
f(q'q] 1) f(p,q] 1) — |Q] |
j—1
Notice that
2fi_ 2fi 4p - fi_
F@.0) < p(f(p.qj-1) + f(aj-1.0)) < p<|Qf 1| + |Qf 1|> =77 : |1
Jj—1 Jj—1 Jj—1
Weak triangle o
inequality > f(p,q) < *p ff_l




Sensitivity for Weighted k-means

Proof of Case (iI):

f(p J)

> f(p.c;) — fa,¢) < df(p,q) +
f(p c)

f,q) —flqgc) =¢f(p,q) +



Sensitivity for Weighted k-means

Proof of Case (iI):

> f(p.c;) — fa,¢) < df(p, @) +
4¢p fi-1

. /
Proved in last slide |Q1 1| 4



Sensitivity for Weighted k-means

Proof of Case (iI):

- F.0) ~ Fla.0) < #Frp + 2D
_ 4o fi f(p )

|Q] 1| 4
_ 4pa - f; f(p, ;)
‘/_ |Qk| 4

Qr € Qj—1 = 10kl <|Qj-1] = 10kl < |Q}_4]
and fi_; < af;".



Sensitivity for Weighted k-means

Proof of Case (iI):

- F.0) ~ Fla.0) < #Frp + 2D
4§bp fic1 f(P Cj)

|Q] 1| 4
CMpafi | f(.g)
e 4
< f(p Cl) n f(p» Cj)
Since Case (1) doesn’t hold: — 4 4
fr fi _f.c)

l6gpa - < f(p,¢;) - 4dpa -

oi] = 4

{4



Sensitivity for Weighted k-means

Proof of Case (iI):

> f(p.c;) — fa,¢) < df(p, @) +

4¢p fi-1
B |Q] 1| 4

CApa-f | f(p.g)
— ek 4

f(p c;) f(p c;)

f(p ;) f(p )

¢ = 4 4




Sensitivity for Weighted k-means

Proof of Case (iI):

- f(p.g) = fla.¢) < ¢f(p, @) +

4¢p fi-1
Q)] 3
Mo f f(pg)

| Qx| 4
f(p c;) f(p ¢)

f(p ;) f(p ) f(p ;)

4 4 2



Sensitivity for Weighted k-means

Proof of Case (iI):

- F.0) ~ Fla.0) < #Frp + 2D
44),0 fiz1 _I_f(P ¢)
B |Q] 1| 4
_4p - f f(p,cj)
- fla.¢) > f(p.) — e 4
2
f(p c;) f(p ¢)

f(p ;) f(p ) f(p ;)

4 4 2



Sensitivity for Weighted k-means

Proof:

L_fo®0 __ fg)
qup fw(q,C) ZqEPjﬂQj_l f(q' CJ')
2 f(p.c;)
quPanj_l f(p' Cj)
2-f(p.g)

<

) f(p.ci) - [P N Qjq]
2k

Q1]

2k
S_

[eR

<




k-means With Qutliers

@
Definition:
Find k centers that minimize sum of squared distances to the closest n — m points
1.e., Ignore the farthest m points (outliers). ®
@ o O o
O
O ® ®
® O
@ O
0® o
© o o
@



k-means With Outliers X

Definition:
Find k centers that minimize sum of squared distances to the closest n — m points
1.e., Ignore the farthest m points (outliers). x
@ o O
Example: PN @
_ _ ® @
k=3m=3 + O
o' o ¢ °
O O

X ‘4



k-means With Outliers

Solution:
Solve the weighted k-means with k' = k + m and

weights: w4, ..., Wy = 1, Wiiq, o) Opam = ©

@)
Example: ®
k=3m=3 @
.0
0' @
o O
@ o o
@)



k-means With Outliers

Solution:
Solve the weighted k-means with k' = k + m and
weights: w4, ..., w, = 1, Wi 41y ) D = ®
|
O ) Will automatically

J

Example: w. =1 be assigned to
1 = )
k=3m=23 @ @ theoutliers
® O
O O
@)
‘(1)2 — 1

vz °® ¢ o

w

il



