Big Data o
Class 4

LECTURER: DAN FELDMAN

TEACHING ASSISTANTS:
NN NOVDVIDIN
IBRAHIM JUBRAN University of Haifa

ALAA MAALOUF




Example for Kernel Functions

Gaussian Kernel: ol
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Example for Kernel Functions

_ _ Sigmoid kernel
Sigmoid Kernel:

k(X; Y) — tal’lh((,(xTy + C) E: DEE .................
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Sensitivity for Convex Shapes

* Input: P € R4, |P| = n% such that P is a convex shape.

* Query space: Q ={x€eR%||x|]| =1}

» Cost function: f(P,x) = max pTx
p
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Sensitivity for Convex Shapes

* Input: P € R4, |P| = n% such that P is a convex shape.

e Query space: Q ={x € R?||x||=1}.
: P
» Cost function: f(P,x) = maxp'x / /
peEP P
f(P,x)

e
» Goal: Find another shape C that can be

represented by O (d) vectors such that for ‘\/

everyx € Q: f(P,x) < f(C,x) <Vd - f(P,x)
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» Goal: Find another shape C that can be
represented by O (d) vectors such that for

everyx e Q: f(P,x) < f(C,x) <a-f(P,x)

» Suggestion 1: Set C to be the minimum /
enclosing circle of P.
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Sensitivity for Convex Shapes

Bad example:

» Goal: Find another shape C that can be
represented by O (d) vectors such that for

everyx € Q: f(P,x) < f(C,x) <a-f(P,x)

* Suggestion 1: Set C to be the minimum
enclosing circle of P.
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Sensitivity for Convex Shapes

Bad example:

» Goal: Find another shape C that can be
represented by O (d) vectors such that for

everyx € Q: f(P,x) < f(C,x) <a-f(P,x)

* Suggestion 1: Set C to be the minimum
enclosing circle of P.

— Circle Is not a good approximation

s f(Clx)
SInce — OO
f(P,x)




Sensitivity for Convex Shapes

» Goal: Find another shape C that can be
represented by O (d) vectors such that for

everyx e Q: f(P,x) < f(C,x) <a-f(P,x)

* Suggestion 2: Set C to be the minimum
enclosing ellipsoid of P.




Sensitivity for Convex Shapes

» Goal: Find another shape C that can be
represented by O (d) vectors such that for

everyx e Q: f(P,x) < f(C,x) <a-f(P,x)

* Suggestion 2: Set C to be the minimum
enclosing ellipsoid of P.

Theorem: (John’s Ellipsoid)
Every convex shape P contains an

ellipsoid g such that the ellipsoid E contains P.




Sensitivity for Convex Shapes

Theorem: (John’s Ellipsoid)
Every convex shape P contains an

ellipsoid g such that the ellipsoid E contains P.

— For every x € Q:

F(P,x) < f(E,x) < d-f(g,x) <d-f(P,x)

s —7§
P E




Sensitivity for Convex Optimization

* Input: P € R™? such that P is a convex shape.
e Query space: Q ={x e R?||x||=1}.
» Cost function: k(p,x) = |px|, f(P,x) = Xpep k(p,x) = ||Px|[4

k(p, x)~g(lpx|)



Sensitivity for Convex Optimization

* Input: P € R™4 sych that P is a convex shape.

e Query space: Q ={x e R?||x||=1}.

» Cost function: k(p,x) = |pxl|, f(P,x) = Xpep k(p,x) = |[Px||4
k(p, x)~g(Ipx|)

- Notice that: f (x)~||Ex|| = || DV x||

Lemma: i

The sensitivity of a point p € P is at most e; =(0,---,0,1,0,---,0)

d
k(p, x) - /
S FPx) ; k(p,E™"e)




Sensitivity for Convex Optimization

Lemma:

The sensitivity of a point p € P is at most

max

k(p, x) zk( E-le)

XEQ f(P x) -

Proof:
k(p,x) k(p,x) k(
P NEx\P]

< gQlully) = g (Zmel
zk(pE ‘e;)

;xu) k(uE,E~*, y)~g(luyl) < g(llull;)

) Zg(luel|)~zk(uEE le)



Sensitivity for Convex Optimization

Lemma:

The sensitivity of a pointp € P is at most

k(p,x)
%e6 f(P,x) —Z“ E”%e:)

Hence, the total senS|t|V|ty IS:

221«@, J—Zik@,

PEP&— i=1 pEP

=N FE e ~ ZuE E el||~Z||el||—
=1
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(a) Epsilon grid
sampling;  First
1teration

O m
(d) Applying "Epsilon

Star" on the transform
space

v M
A

(b) Epsilon grid
sampling;  Sec-
ond iteration

.....

(c) d** approxi-
mation to John
Ellipsoid

(e) 1+ € approx-
imation to the
real convex bod-
168



k-Segment mean

» Input: P ={(1,p1),..,(1,pn) | p; € R} € R
- k-segment:  f:R — R¢

*Queryspace: Q ={fI|fisak —segment}}

» Cost function: cost(P,f) = X~ llp; — FDII5

* OPT = min cost(P,
min cost (P, f)

- k-segment mean f* = argmin s cost(P, f)



k-Segment mean
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k-Segment mean
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k-Segment mean

cost(P,f) = 2“291' — fII5
i=1

A plO =11

| | % plo f(10)
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Coreset for k-Segment mean

» Input: P ={(1,p1),..,(1,pn) | p; € R} € R

- k-segment:  f:R — R¢

*Queryspace: Q ={fI|fisak —segment}}

» Cost function: cost(P,f) = X~ llp; — FDII5

 Qutput: (C,w) whereC € P, w:C - R s.t. Vf € Q:

<e- ) lpi— fOI

DiEP

D = fFDIE= ) @@ - lipi — fFOI

D{EP pi€C




Coreset for k-Segment mean

<e ) lpi— O3

DiEP

D = fFOI3= ) @@ - lipi — fOI

p;€EP p;EC
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Theorem [Feldman, Langberg, STOC’11]

Let P, Q and dist: PxQ — R™.

A sample C < P, from the distribution

dist(p,q)
Ypep dist(p,q)

sensitivity(p) = mag
S

IS a coreset If

dimension of Q o
IC| = 5 : Z sensitivity(p)
€

DEP



Coreset for k-Segment mean

Observation:

No small coreset C < P exists for k-segment queries



[llustration for observation

Input P: n points on the x-axis
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Coreset C: all points except one
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[llustration for observation

Input P: n points on the x-axis
Coreset C: all points except one

Query f: covers all except this one

Cost(P,f) >0
N Cost(C,f) =0 \

Unbounded factor
approximation

Ips = TGl




Coreset for k-Segment mean

dist(m,
Vp € P: sensitivity(p) = max ®.4) =1

ZpEP dlSt(p, CI)

= total sensitivity: n



Coreset for k-Segment mean

Observation:

Points on a segment can be stored by the two indexes of
their end-points




Coreset for k-Segment mean

Observation:

Points on a segment can be stored by the two indexes of
their end-points and the slope of the segment.




Coreset for k-Segment mean (new definition)

» Input: P ={(1,p1),..,(1,pn) | p; € R} € R

* k-segment:  f:R — R¢

* Query space:  Q = {{f1,-*, fx} | f; is a segment}}

» Cost function: cost(P,f) = X~ llp; — FDII5

 Qutput: (C, w) where CXP, w:C >R s.t. Vf € Q:

<e- ) lpi— FOI3

piEP

D = fFDIE= ) @@ - lipi — fFOI

p;EP p;EC




Coreset for k-Segment mean

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).

Goal: To compute a set (C, w) such that for every Vf € Q:
D= fOI3 = ) 0@ Ipi— FOIZ < e D lpi— fDI3

DiEP pi€C pi€EP




Coreset for k-Segment mean

Input: (P, Q) and an (a, §)-approximation B. Let p’ = proj(p, B).
Goal: To compute a set (€, w) such that for every Vf € Q:

D = FDIE= ) @@ - lipi = fDI

<e ) lpi— DI

p;EP p;EC p;EP
> | D llpi = FOIE = ) lpi = FOIF+ ) o = fOIE = ) @) - b = FDI3
Di€EP DiEP DiEP pi€C

<e ) lpi— O3

pi€EP



Coreset for k-Segment mean

Input: (P, Q) and an («, )-approximation B. Let p" = proj(p, B).
Goal: To compute a set (C, w) such that for every Vf € Q:

D b= FOI3= ) @) lIpi = fFOI3[ < e > lpi = FDI3

p;EP p;EeC p;EP
> | D e = FOIE= ) lipi = FOIZ+ ) lipi = FOIZ = ) @@ - llpi = FODIIE
Di€EP Di€EP DiEP pi€C
<e Y lpi— DI

p;EP

 [Zpierllpi = FOIE = Zpiepllpi = FDIE + Speplipf = FOIE = Epec @@ - lIpi = FDII3
Yerllpi — FDII

<E€




Coreset for k-Segment mean

Input: (P, Q) and an («, )-approximation B. Let p" = proj(p, B).
Goal: To compute a set (C, w) such that for every Vf € Q:

D b= FOI3= ) @) lIpi = fFOI3[ < e > lpi = FDI3

p;EP p;EeC p;EP
> | D e = FOIE= ) lipi = FOIZ+ ) lipi = FOIZ = ) @@ - llpi = FODIIE
Di€EP Di€EP DiEP pi€C
<e- ) lpi - fOI3 v

DiEP
R Yoiepllpi = FONE = Zp.epllpi — FONEW Zp.epllpi — FDIE — Xpec @) - lIpi — FOII -t
Ypieplpi = FDIIZ -

Add the projections to the coreset C




Coreset for k-Segment mean

Input: (P, Q) and an («, )-approximation B. Let p" = proj(p, B).
Goal: To compute a set (C, w) such that for every Vf € Q:

D b= FOI3= ) @) lIpi = fFOI3[ < e > lpi = FDI3

p;EP p;EeC p;EP
> | D e = FOIE= ) lipi = FOIZ+ ) lipi = FOIZ = ) @@ - llpi = FODIIE
Di€EP Di€EP DiEP pi€C

<e D li—fOI

-~ zpiepul-—fa)n%—zpiepnp;—f(z)n% pepllpi = FOIZ = Ty ec @) - lipi — FOIZY
¥ epllpi = FDII3 N

€

Bound this term’s sensitivity similar to k-means



Theorem [Feldman, Sung, Rus, GIS’12]

For every discrete signal of n points in R¢, there is a coreset of

k
€2

space O ( ) that can be computed in the big data model.



