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• Query space – Examples: One mean, points to hyperplanes, one center.

• Exact coreset – Examples: One mean, points to hyperplanes, one center for 1D 
input points.

• 𝜀-coreset for unweighted input– One center (2 different coresets), 𝑘-center.

• 𝜀-coreset for weighted input – One center.

• Streaming tree

• 𝜀-net

So Far We Have Seen

Problem: Coresets seen so far are very specific and problem dependent.

Solution: A general framework for coreset construction.



Unified Framework for Coreset Construction

Coreset

Query space

𝑷,𝝎,𝑸, 𝒇
Coreset 

𝑪, 𝝁 , 𝑪 ⊆ 𝑷, 𝑪 ≪ |𝑷|

Compute 

“importance”/ “sensitivity” 

for each point

Query space

𝑷,𝝎,𝑸, 𝒇
Sensitivity

𝑺:𝑷 × 𝝎 → 𝟎,∞ s.t.

𝑺 𝒑 ≥ max
𝒒∈𝑸

𝝎 𝒑 ⋅ 𝒇 𝒑, 𝒒

σ𝒑′∈𝑷𝝎 𝒑′ ⋅ 𝒇 𝒑′, 𝒒

Sample a subset of “important” points.

Rough approximation for the 

optimal solution

𝛼, 𝛽 -approximation

Query space

𝑷,𝝎,𝑸, 𝒇 A candidate solution to the problem

with provable guarantees.

Helps compute the importance for each input points by

a reduction to a simpler problem

We will now 

focus on this 

block



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .



OPT Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦



OPT Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝑦



OPT Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝒚 ∈ 𝒂𝒓𝒈𝐦𝐢𝐧
𝒚′∈𝑿

෍

𝒑∈𝑷

𝒅𝒊𝒔𝒕(𝒑, 𝒚′)

𝑶𝑷𝑻 = ෍

𝒑∈𝑷

𝒅𝒊𝒔𝒕(𝒑, 𝒚) 𝑦



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑦′ is an 𝛼-approximation if σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇.



𝛼-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛼 = 2

𝑦



𝛼-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛼 = 2

𝑦



𝛼-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛼 = 2

𝑦′



𝛼-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛼 = 2

෍

𝒑∈𝑷

𝒅𝒊𝒔𝒕(𝒑, 𝒚′) ≤ 𝟐 ⋅ 𝑶𝑷𝑻

𝑦′
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Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑦′ is an 𝛼-approximation if σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇.



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑦′ is an 𝛼-approximation if σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇.

➢ 𝑌 ⊆ 𝑋 is a 𝛽-approximation if 𝑌 = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇.



𝛽-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛽 = 2



𝛽-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛽 = 2

𝑦1

𝑦2෍

𝒑∈𝑷

𝒅𝒊𝒔𝒕(𝒑, 𝒀) ≤ 𝑶𝑷𝑻

𝒀 = 𝒚𝟏, 𝒚𝟐 , 𝒀 = 𝜷



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
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𝑦∈𝑌
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σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .
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➢ 𝑌 ⊆ 𝑋 is a 𝛽-approximation if 𝑌 = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇.



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑦′ is an 𝛼-approximation if σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇.

➢ 𝑌 ⊆ 𝑋 is a 𝛽-approximation if 𝑌 = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇.

➢ 𝑌′ ⊆ 𝑋 is an (𝛼, 𝛽)-approximation if 𝑌′ = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝛼 ⋅ 𝑂𝑃𝑇



(𝛼, 𝛽)-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛼 = 2, 𝛽 = 2



(𝛼, 𝛽)-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦
𝛼 = 2, 𝛽 = 2

𝑦1

𝑦2
෍

𝒑∈𝑷

𝒅𝒊𝒔𝒕(𝒑, 𝒀) ≤ 𝟐𝑶𝑷𝑻

𝒀 = 𝒚𝟏, 𝒚𝟐 , 𝒀 = 𝟐



Definitions

Let 𝑃 be an input set of 𝑛 elements, 𝑋 be a query space and 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑦′ is an 𝛼-approximation if σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇.

➢ 𝑌 ⊆ 𝑋 is a 𝛽-approximation if 𝑌 = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇.

➢ 𝑌′ ⊆ 𝑋 is an (𝛼, 𝛽)-approximation if 𝑌′ = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝛼 ⋅ 𝑂𝑃𝑇



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑦′ is an 𝛼-approximation if σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇.

➢ 𝑌 ⊆ 𝑋 is a 𝛽-approximation if 𝑌 = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇.

➢ 𝑌′ ⊆ 𝑋 is an (𝛼, 𝛽)-approximation if 𝑌′ = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝛼 ⋅ 𝑂𝑃𝑇

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 𝛾𝑛 points 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑦,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .



𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝛾 =
1

2
, 𝛾𝑛 = 7



𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝛾 =
1

2
, 𝛾𝑛 = 7

ො𝑦

ො𝑦 ∈ 𝒂𝒓𝒈𝐦𝐢𝐧
𝒚∈𝑿

෍

𝒑∈𝒄𝒍𝒐𝒔𝒆𝒔𝒕(𝑷,𝒚,
𝟏
𝟐
)

𝒅𝒊𝒔𝒕(𝒑, 𝒚)



𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝛾 =
1

2
, 𝛾𝑛 = 7

ො𝑦

ො𝑦 ∈ 𝒂𝒓𝒈𝐦𝐢𝐧
𝒚∈𝑿

෍

𝒑∈𝒄𝒍𝒐𝒔𝒆𝒔𝒕(𝑷,𝒚,
𝟏
𝟐
)

𝒅𝒊𝒔𝒕(𝒑, 𝒚)

𝒄𝒍𝒐𝒔𝒆𝒔𝒕(𝑷, ො𝑦,
𝟏

𝟐
)



Definitions

Let (𝑃, 𝑋, 𝑑𝑖𝑠𝑡) be a query space, where 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑦′ is an 𝛼-approximation if σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑦′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇.

➢ 𝑌 ⊆ 𝑋 is a 𝛽-approximation if 𝑌 = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇.

➢ 𝑌′ ⊆ 𝑋 is an (𝛼, 𝛽)-approximation if 𝑌′ = 𝛽 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝛼 ⋅ 𝑂𝑃𝑇

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 𝛾𝑛 points 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑦,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .



Definitions

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 𝛾𝑛 points 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑦,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .



Definitions

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 𝛾𝑛 points 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑦,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝛼, 𝛽 -approximation if 𝑌′ = 𝛽 and 

෍

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇



(𝛾, 𝛼, 𝛽)-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝛾 =
1

2
, 𝛾𝑛 = 7

𝛼 = 1, 𝛽 = 2



(𝛾, 𝛼, 𝛽)-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝛾 =
1

2
, 𝛾𝑛 = 7

𝛼 = 1, 𝛽 = 2

𝑦1

𝑦2

෍

𝒑∈𝒄𝒍𝒐𝒔𝒆𝒔𝒕 𝑷,𝒀,𝜸

𝒅𝒊𝒔𝒕(𝒑, 𝒀) ≤ 𝜶 ⋅ (𝜸 − 𝐑𝐨𝐛𝐮𝐬𝐭 − 𝐎𝐏𝐓)

𝒀 = 𝒚𝟏, 𝒚𝟐



𝒄𝒍𝒐𝒔𝒆𝒔𝒕(𝑷, 𝒀,
𝟏

𝟐
)

(𝛾, 𝛼, 𝛽)-approximation Illustration

Example:

𝑃 ⊆ 𝑅𝑑 , 𝑋 ⊆ 𝑅𝑑

𝑑𝑖𝑠𝑡 𝑝, 𝑦 = 𝑝 − 𝑦

𝛾 =
1

2
, 𝛾𝑛 = 7

𝛼 = 1, 𝛽 = 2

𝑦1

𝑦2

෍

𝒑∈𝒄𝒍𝒐𝒔𝒆𝒔𝒕 𝑷,𝒀,𝜸

𝒅𝒊𝒔𝒕(𝒑, 𝒀) ≤ 𝜶 ⋅ 𝜸 − 𝐑𝐨𝐛𝐮𝐬𝐭 − 𝐎𝐏𝐓

𝒀 = 𝒚𝟏, 𝒚𝟐



Definitions

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 𝛾𝑛 points 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑦,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝛼, 𝛽 -approximation if 𝑌′ = 𝛽 and 

෍

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇



Definitions

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 𝛾𝑛 points 𝑝 ∈ 𝑃 with smallest value 𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇 = min
𝑦∈𝑋

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑦,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑦 .

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝛼, 𝛽 -approximation if 𝑌′ = 𝛽 and 

෍

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝜖, 𝛼, 𝛽 -approximation if 𝑌′ = 𝛽 and 

෍

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,(1−𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇



Definitions (𝑘-centers)

Let 𝑃 be an input set of 𝑛 elements, 𝑋 be a query space and 𝑑𝑖𝑠𝑡: 𝑃 × 𝑋 → [0,∞).
For every 𝑝 ∈ 𝑃 and 𝑌 ⊆ 𝑋 define 𝑑𝑖𝑠𝑡 𝑝, 𝑌 = min

𝑦∈𝑌
𝑑𝑖𝑠𝑡(𝑝, 𝑦).

➢ 𝑂𝑃𝑇𝑘 = min
𝑌⊆𝑋, 𝑌 =𝑘

σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 .

➢ 𝑌′ is an 𝛼𝑘-approximation if 𝑌′ = 𝑘 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝑂𝑃𝑇𝑘.

➢ 𝑌 ⊆ 𝑋 is a 𝛽𝑘-approximation if 𝑌 = 𝛽𝑘 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝑂𝑃𝑇𝑘.

➢ 𝑌′ ⊆ 𝑋 is an 𝛼, 𝛽 𝑘-approximation if 𝑌′ = 𝛽𝑘 and σ𝑝∈𝑃 𝑑𝑖𝑠𝑡 𝑝, 𝑌 ≤ 𝛼 ⋅ 𝑂𝑃𝑇𝑘

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 1 − 𝛾 𝑛 points 𝑝 ∈ 𝑃 with smallest value 
𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘 = min
𝑌⊆𝑋, 𝑌 =𝑘

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑌 .



Definitions (𝑘-centers)

Define 𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃, 𝑌, 𝛾 to be the 1 − 𝛾 𝑛 points 𝑝 ∈ 𝑃 with smallest value 
𝑑𝑖𝑠𝑡(𝑝, 𝑌).

➢ 𝛾-𝑅𝑜𝑏𝑢𝑠𝑡-𝑂𝑃𝑇𝑘 = min
𝑌⊆𝑋, 𝑌 =𝑘

σ𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌,𝛾 𝑑𝑖𝑠𝑡 𝑝, 𝑌 .

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝛼, 𝛽 𝑘-approximation if 𝑌′ = 𝛽𝑘 and 

෍

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇𝑘

➢ 𝑌′ ⊆ 𝑋 is a 𝛾, 𝜖, 𝛼, 𝛽 𝑘-approximation if 𝑌′ = 𝛽𝑘 and 

෍

𝑝∈𝐶𝑙𝑜𝑠𝑒𝑠𝑡 𝑃,𝑌′,(1−𝜖)𝛾

𝑑𝑖𝑠𝑡 𝑝, 𝑌′ ≤ 𝛼 ⋅ 𝛾−𝑅𝑜𝑏𝑢𝑠𝑡−𝑂𝑃𝑇𝑘



Bi-Criteria / (𝛼, 𝛽)-Approximation for 𝑘-squares

Example:



Initialization

1) 𝑡 ← 1 (iterations counter)

2) 𝐶 ← ∅ (Output)



3) Construct an 𝐶𝑡 = 𝜖-net for P 

𝑡 = 1



4) 𝐶 ← 𝐶 ∪ 𝐶𝑡

𝑡 = 1



5) ∀𝑝 Compute 𝑓𝑎𝑟∞(𝑝, 𝐶𝑡)

𝑡 = 1

p



6) Remove 𝑃𝑡: the points of 𝑃 that are covered by the 
optimal squares centered at 𝐶𝑡. 𝑃𝑡 > 1 − 𝜖 𝑛.

𝑡 = 1



6) Remove 𝑃𝑡: the points of 𝑃 that are covered by the 
optimal squares centered at 𝐶𝑡. 𝑃𝑡 > 1 − 𝜖 𝑛.

𝑡 = 1



7) 𝑡 ← 𝑡 + 1

8) Repeat steps 3 to 6

𝑡 = 1



3) Construct an 𝐶𝑡 = 𝜖-sample for P 

𝑡 = 2



4) 𝐶 ← 𝐶 ∪ 𝐶𝑡

𝑡 = 2



6) Remove 𝑃𝑡: the points of 𝑃 that are covered by the 
optimal squares centered at 𝐶𝑡. 𝑃𝑡 > 1 − 𝜖 𝑛.



6) Remove 𝑃𝑡: the points of 𝑃 that are covered by the 
optimal squares centered at 𝐶𝑡. 𝑃𝑡 > 1 − 𝜖 𝑛.



𝑡 = 2

6) Remove 𝑃𝑡: the points of 𝑃 that are covered by the 
optimal squares centered at 𝐶𝑡. 𝑃𝑡 > 1 − 𝜖 𝑛.



7) 𝑡 ← 𝑡 + 1

8) Repeat steps 3 to 6 till there are no more input points

9) Return 𝐶



𝜖-net algorithm
𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

(𝛼, 𝛽)-Approximation for 𝑘-Squares (1)

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑃



Optimal 

𝑘-squares
(exhaustive search)

𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝜖−net algorithm

(𝛼, 𝛽)-Approximation for 𝑘-Squares (1)

𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑘

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
𝑘

𝜖

𝑂(𝑑2𝑘)

𝑃

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘



(𝛼, 𝛽)-
approximation

(𝛼, 𝛽)-Approximation for 𝑘-Squares (1)

Optimal 

𝑘-squares
(exhaustive search)

𝜖−net algorithm
𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑘
𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

Add to 

output

𝑃

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
𝑘

𝜖

𝑂(𝑑2𝑘)



Optimal 

𝑘-squares
(exhaustive search)

𝜖−net algorithm

𝑘
𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

(𝛼, 𝛽)-Approximation for 𝑘-Squares (1)

𝑃

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
𝑘

𝜖

𝑂(𝑑2𝑘)

(𝛼, 𝛽)-
approximation

Add to 

output

Remove 𝟏 − 𝝐 𝒏
points closest to 

𝑘-centers

< 𝜖𝑛 points



< 𝜖𝑛 points Remove 𝟏 − 𝝐 𝒏
points closest to 

𝑘-centers

Optimal 

𝑘-squares
(exhaustive search)

𝜖−net algorithm

𝑘
𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

(𝛼, 𝛽)-Approximation for 𝑘-Squares (1)

𝑃

𝑂
𝑛𝑑𝑘

𝜖
Time

Repeat
𝐥𝐨𝐠𝒏

𝒍𝒐𝒈
𝟏
𝝐

times.

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
𝑘

𝜖

𝑂(𝑑2𝑘)

(𝛼, 𝛽)-
approximation

Add to 

output



(𝛼, 𝛽)-Approximation for 𝑘-Squares (1)

First approach:

- 𝛽 =
𝐥𝐨𝐠 𝒏

𝐥𝐨𝐠
𝟏

𝝐

.

- 𝛼 = 1 since optimal squares were computed on a subset of the data.

- Time <
𝐥𝐨𝐠 𝒏

𝒍𝒐𝒈
𝟏

𝝐

⋅
𝑛𝑑𝑘

𝜖
+

𝑘

𝜖

𝑂(𝑑2𝑘)

- Time <
𝑛𝑑𝑘

𝜖
+

𝑛

2
𝑑𝑘

𝜖
+⋯+

𝑑𝑘

𝜖
+

𝐥𝐨𝐠 𝒏

𝒍𝒐𝒈
𝟏

𝝐

⋅
𝑘

𝜖

𝑂(𝑑2𝑘)

=
2𝑛𝑑𝑘

𝜖
+

𝐥𝐨𝐠 𝒏

𝒍𝒐𝒈
𝟏

𝝐

⋅
𝑘

𝜖

𝑂(𝑑2𝑘)



𝜖-net algorithm
𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

(𝛼, 𝛽)-Approximation for 𝑘-Squares (2)

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑃



Return all 

𝜖-net points as 

centers
𝑂

𝑘

𝜖

𝑑

𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝜖−net algorithm

(𝛼, 𝛽)-Approximation for 𝑘-Squares (2)

𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑘

𝑃

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

𝑂(1) time



(𝛼, 𝛽)-Approximation for 𝑘-Squares (2)

Return all 

𝜖-net points as 

centers

𝜖−net algorithm
𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑘

𝑃

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

𝑂
𝑘

𝜖

𝑑

𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝑂(1) time

(𝛼, 𝛽)-
approximation

Add to 

output



Remove 
𝒏

𝟐

points closest to 

centers

Return all 

𝜖-net points as 

centers

𝜖−net algorithm

𝑘

(𝛼, 𝛽)-Approximation for 𝑘-Squares (2)

𝑃

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

𝑂
𝑘

𝜖

𝑑

𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝑂(1) time

(𝛼, 𝛽)-
approximation

Add to 

output



Remove 
𝒏

𝟐

points closest to 

centers

Return all 

𝜖-net points as 

centers

𝜖−net algorithm

𝑘

(𝛼, 𝛽)-Approximation for 𝑘-Squares (2)

𝑃

𝑂
𝑛𝑑𝑘

𝜖
Time

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

𝑂
𝑘

𝜖

𝑑

𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝑂(1) time

(𝛼, 𝛽)-
approximation

Add to 

output

Why is this ok?



Remove 
𝒏

𝟐

points closest to 

centers

Return all 

𝜖-net points as 

centers

𝜖−net algorithm

𝑘

(𝛼, 𝛽)-Approximation for 𝑘-Squares (2)

𝑃

𝑂
𝑛𝑑𝑘

𝜖
Time

Repeat

𝐥𝐨𝐠𝒏
times.

𝑂
𝑘

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑘

𝑂
𝑘

𝜖

𝑑

𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝑂(1) time

(𝛼, 𝛽)-
approximation

Add to 

output



(𝛼, 𝛽)-Approximation for 𝑘-Squares (2)

First approach:

- 𝛽 = 𝑂
𝑘

𝜖

𝑑
log 𝑛 .

- 𝛼 = 1 since optimal squares were computed on a subset of the data.

- Time <
𝑛𝑑𝑘

𝜖
+

𝑛

2
𝑑𝑘

𝜖
+⋯+

𝑑𝑘

𝜖
= 𝑂

𝑛𝑑𝑘

𝜖



𝜖-net algorithm
𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝑂
1

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠𝜖

(𝛼, 𝛽)-Approximation for 𝑘-Squares (3)

𝑂
𝑛𝑑

𝜖
Time

𝑃



Optimal 

𝑘-squares
(exhaustive search)

𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝜖−net algorithm

(𝛼, 𝛽)-Approximation for 𝑘-Squares (3)

𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑂
𝑛𝑑

𝜖
Time

𝑘

𝑃

𝑂
1

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
1

𝜖

𝑂(𝑑2𝑘)



(𝛼, 𝛽)-Approximation for 𝑘-Squares (3)

Optimal 

𝑘-squares
(exhaustive search)

𝜖−net algorithm
𝑛 𝑝𝑜𝑖𝑛𝑡𝑠

𝜖

𝑂
𝑛𝑑

𝜖
Time

𝑘
𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

𝑃

𝑂
1

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
1

𝜖

𝑂(𝑑2𝑘)

(𝛼, 𝛽)-
approximation

Add to 

output



Optimal 

𝑘-squares
(exhaustive search)

𝜖−net algorithm

𝜖

𝑘
𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

(𝛼, 𝛽)-Approximation for 𝑘-Squares (3)

𝑃

𝑂
𝑛𝑑

𝜖
Time

𝑂
1

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
1

𝜖

𝑂(𝑑2𝑘)

(𝛼, 𝛽)-
approximation

Add to 

output

< k𝜖𝑛 points Remove 𝟏 − 𝒌𝝐 𝒏
points closest to 

𝑘-centers



Optimal 

𝑘-squares
(exhaustive search)

𝜖−net algorithm

𝜖

𝑘
𝑘 𝑐𝑒𝑛𝑡𝑒𝑟𝑠

(𝛼, 𝛽)-Approximation for 𝑘-Squares (3)

𝑃

𝑂
𝑛𝑑

𝜖
Time

𝑂
1

𝜖

𝑑

𝑝𝑜𝑖𝑛𝑡𝑠

Time = 𝑖𝑛𝑝𝑢𝑡 𝑂(𝑑𝑘) =
1

𝜖

𝑂(𝑑2𝑘)

(𝛼, 𝛽)-
approximation

Add to 

output

Repeat
𝐥𝐨𝐠𝒏

𝒍𝒐𝒈
𝟏
𝒌𝝐

times.

< k𝜖𝑛 points Remove 𝟏 − 𝒌𝝐 𝒏
points closest to 

𝑘-centers



(𝛼, 𝛽)-Approximation for 𝑘-Squares (3)

First approach:

- 𝛽 = log 𝑛.

- 𝛼 = 1 since optimal squares were computed on a subset of the data.

- Time <
𝐥𝐨𝐠 𝒏

𝒍𝒐𝒈
𝟏

𝒌𝝐

⋅
𝑛𝑑

𝜖
+

1

𝜖

𝑂(𝑑2𝑘)


