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So Far We Have Seen

Query space — Examples: One mean, points to hyperplanes, one center.

Exact coreset — Examples: One mean, points to hyperplanes, one center for 1D
Input points.

g-coreset for unweighted input— One center (2 different coresets), k-center.
g-coreset for weighted input — One center.
Streaming tree

e-net

Problem: Coresets seen so far are very specific and problem dependent.
Solution: A general framework for coreset construction.



Unified Framework for Coreset Construction

Query space » N Coreset

P,w,Q, C,pn),C< P,|C| < |P
(P,w,Q,f) Coreset (D) |C] < |P]

\. J

ISample a subset of “important” points.

e Compue ) Sy
» W & . C e ! w — |U,0)s.L
“importance”/ “sensitivity” w®) - f(p,q)
f . S(p) = max —
9 or each point ) €0 Y cp0(@)  f(0', Q)

Helps compute the importance for each input points by

Query space

g —. A
(P.®,0.f) Rough approximation for the

optimal solution

We will now
focus on this
block

A candidate solution to the problem
with provable guarantees.

. (a,p)-approximation




Definitions

Let (P, X, dist) be a query space, where dist: P X X — [0, ).
Foreveryp € Pand Y C X define dist(p,Y) = meilr} dist(p,y).
y
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OPT Illustration

Example:
P c R4 X c R

dist(p,y) = |lp — vl

y € arg min E dist(p,y")
yreX
peEP

OPT = z dist(p,y)
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a-approximation llustration

Example:

P c R4 X c R

dist(p,y) = llp =yl ®
a =2 o

Z dist(p,y') < 2-0PT
peP
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[ -approximation lllustration

Example:

P c R4 X c R

dist(p,y) = llp =yl

,8 =2 O

z dist(p,Y) < OPT - \C

pEP O
Y ={y1,y2L1Y| =8
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(a, B)-approximation Illustration

Example:
P c R4 X c R
dist(p,y) = llp =yl ®
a=2p0=2
) . ’

z dist(p,Y) < 20PT

O
pEP . ‘\ V2
r=uydi=z L n 4+ .
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Definitions

Let (P, X, dist) be a query space, where dist: P X X — [0, ).
Foreveryp € Pand Y C X define dist(p,Y) = meilr} dist(p,y).
y

» OPT = I)l]lel)l(l Ypep dist(p,y).

» y'is an a-approximation if . cp dist(p,y’) < a - OPT.

»Y € X isa p-approximation if |[Y| = g and X, ,cp dist(p,Y) < OPT.

»Y' € Xisan (a,B)-approximation if [Y'| = g and }.,cp dist(p,Y) < a - OPT
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y-Robust-OPT lllustration

Example: y € arg I}IIIEI)? z dist(p,y)
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Example: y €arg ‘}‘e‘;‘(‘ z dist(p,y)
P c R%,X C RY peclosest(P,y.3)
dist(p,y) = llp — | ® 2
1
Y = 5 lynl =7 ®
O
O

1
closest(P,y, E)




Definitions

Let (P, X, dist) be a query space, where dist: P X X — [0, ).
Foreveryp € Pand Y C X define dist(p,Y) = meilr} dist(p,y).
y

» OPT = I)l]lel)l(l Ypep dist(p,y).

» y'is an a-approximation if . cp dist(p,y’) < a - OPT.

»Y € X isa p-approximation if |[Y| = g and X, ,cp dist(p,Y) < OPT.

»Y' € Xisan (a,B)-approximation if [Y'| = g and }.,cp dist(p,Y) < a - OPT
Define Closest(P,Y,y) to be the [yn] points p € P with smallest value dist(p,Y).

» Y-Robust-OPT = r;lel)r(l Y peclosest(P.yy) ASt(D,Y).



Definitions

Define Closest(P,Y,y) to be the [yn] points p € P with smallest value dist(p,Y).

> y-Robust-OPT = min Ypeciosest(p,y,y) AISED: )



Definitions

Define Closest(P,Y,y) to be the [yn] points p € P with smallest value dist(p,Y).

> y-Robust-OPT = min Ypeciosest(p,y,y) AISED: )

»Y' € Xisa(y,a, B)-approximation if [Y'| = 8 and

dist(p,Y') < a - (y—Robust—0OPT)
p€EClosest(P,Y'y)



(v, a, B)-approximation lllustration

Example:
P c R4 X c R
dist(lp, y) = |lp =l ®
y = > lyn] =7 @
a=1,0=2 O
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(v, a, B)-approximation lllustration
dist(p,Y) < a - (y — Robust — OPT)

Example: eclosest(P,Y,y)

P c R, X C R4 g oy Y = {y1,¥2}
dist(lp, y) = llp —yli

Y = 5 lyn] =7

a=1,0=2




(v, a, B)-approximation lllustration

Example: z diSt(p, Y) S a- ()’ — Robust — OPT)
P < RY,X C R Y ={y1,¥y2}

dist(lp, y) = |lp =l
y =3, [yn] =7

a=10=2

e &.

1
® closest(P,Y, E)
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Definitions

Define Closest(P,Y,y) to be the [yn] points p € P with smallest value dist(p,Y).

> y-Robust-OPT = r;1€1)r(1 Y peclosest(P.yy) ASt(D,Y).

» Y c Xisa(y,a, B)-approximation if |Y'| = g and
z dist(p,Y') < a - (y—Robust—0OPT)
p€EClosest(P,Y',y)
»Y cXisa(y, e a B)-approximation if |Y'| = S and
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Definitions (k-centers)

Let P be an input set of n elements, X be a query space and dist: P X X — [0, 0).
Foreveryp € Pand Y C X define dist(p,Y) = meilr} dist(p,y).
y

» OPT}, = Ygg(r,lliyr}:k Ypep dist(p,Y).

» Y'is an ag-approximation if |Y'| = k and },cp dist(p,Y’) < a - OPTy.
»Y € X isa fy-approximation if |Y| = k and X, ,cp dist(p,Y) < OPTy.
»Y' € Xisan (a, B)g-approximation if |[Y'| = Sk and ¥ ,cp dist(p,Y) < a - OPT

Define Closest(P,Y,y) to be the [(1 — y)n] points p € P with smallest value
dist(p,Y).

» y-Robust-OPT), = YQI)PE;}:k Yipeclosest(pyy) Aist(p,Y).



Definitions (k-centers)

Define Closest(P,Y,y) to be the [(1 — y)n]| points p € P with smallest value
dist(p,Y).

> y-Robust-OPT), = yggﬁiﬂ:k 2ipeclosest(pyy) ASt(p, Y).

»Y c Xisa(y,a,B),-approximation if |Y'| = Bk and
dist(p,Y") < a - (y—Robust—0PT},)
pEClosest(P,Y',y)
»Y cXisa(y, e a,B)-approximation if |Y'| = Bk and

dist(p,Y') < a - (y—Robust—0PT},)
pEClosest(P,Y',(1—€)y)



Bi-Criteria/ (a, f)-Approximation for k-squares

Example:




Initialization

1) t « 1 (iterations counter)

2) C < @ (Output)



3) Construct an C; = e-net for P



4)C «C UC,



5) Vp Compute fary, (p, Ct)



6) Remove P;: the points of P that are covered by the
optimal squares centered at C;. |P;| > (1 — e)n.

O
O © ©
O ® Q
O
O C -
O O O
O
O
O D



6) Remove P;: the points of P that are covered by the
optimal squares centered at C;. |P;| > (1 — e)n.

O

O




Nt<t+1
8) Repeat steps 3 to 6
O O
O O



3) Construct an C; = e-sample for P

O O



4 C«C UC,



6) Remove P;: the points of P that are covered by the
optimal squares centered at C;. |P;| > (1 — e)n.

O O

© o

@




6) Remove P;: the points of P that are covered by the
optimal squares centered at C;. |P;| > (1 — e)n.

O O

© o




6) Remove P;: the points of P that are covered by the
optimal squares centered at C;. |P;| > (1 — e)n.

- O
© o



Nt—t+1
8) Repeat steps 3 to 6 till there are no more Iinput points
9) Return C




(a, B)-Approximation for k-Squares (1)

k

¢ i()) h

| €-netalgorithm

n points

0, (n;:k) Time




(a, B)-Approximation for k-Squares (1)

.

k

>

n points

| e—net algorithm

0, (nik) Time

€

o

k

d
) points

>

~

0(d?k)
e — i o(dk) _ (k
Time = |input| (E)
Optimal
fe-squares k centers
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\

(exhaustive search)
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(a, B)-Approximation for k-Squares (1)

(a,f)-

>

| e—net algorithm

/ \approximation
€ 1\ @ Add to
k 0, (E) points output

n points

: _ 1\ 0(d? k)
ndk\ — Time = |input|°@%) = (_)
0 (T) Time €
) Optimal
o Resquares k centers

(exhaustive search)

\ %




(a, B)-Approximation for k-Squares (1) ”

/ \approximation
€ ke Add to

d
k 0 (E) points output

> >
| e—net algorithm
_ _ 1\ 0(d? k)
dk _ Time = |l7’l utlo(dk) — (—)
0 (nT) Time P :
R Optimal X
o k-squares k centers
(exhaustive search)

< en points | Remove (1—-e)n

points closestto ¢
\ k-centers /




(a, B)-Approximation for k-Squares (1)

| e—net algorithm

0 (ndk) Time

€

0 ¥ nt
. points

_ 0(d?k
Time = |input|°@%) = (k)

(" Repeat )
logn

log —

Optimal
k-squares

(exhaustive search)

Add to
output

(a,f)-

approximation

€

< en points | Remove (1—-e)n

€

points closest to
k-centers

k centers

>
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(a, B)-Approximation for k-Squares (1)

First approach:

- a = 1 since optimal squares were computed on a subset of the data.

_ 0(d?k)
Time < 183 (1. (5)”)

logz € €
n 2
ndk = 5dk dk  logn [(k\0@7K)
-Time < =+ 2—+ - + — + =25 (—)
€ € € log— €

. 2ndk

| logn (k)o(dzk)

€ log% €



(a, B)-Approximation for k-Squares (2)

k

¢ i()) h

| €-netalgorithm

n points

0, (n;:k) Time




(a, B)-Approximation for k-Squares (2)
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(a, B)-Approximation for k-Squares (2)

(a,f)-

>

| e—net algorithm

/ \approximation
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(a, B)-Approximation for k-Squares (2)

(a,f)-

/ \approximation
€ 1\ @ Add to
k 0, (E) points output

| e—net algorithm

0, (nik) Time

€

O(1) time

Return all

> -
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R
In|
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€
Remove;
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(a, p)-Approximation for k-Squares (2) .

/ \approximation
€ Add to

i\ ¢
k 0 (E) points output

| e—net algorithm

. 1) tim
0 (n;:k) Time O(1) time
Return all

e-net points as >

centers 1\ &

O\ |- centers
€
Remove %

points closest t'o\‘\
centers Why is this ok?




(a, p)-Approximation for k-Squares (2) o

/ \approximation
c | Add to

d
¥ 0, ( ) points output
> E !
| e—net algorithm
_ O(1) time
0 (=) Tim —
Return all
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> d
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. | Ol | — centers
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In|
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(a, B)-Approximation for k-Squares (2)

First approach:

B=0 <(§)d 1ogn>.

- a = 1 since optimal squares were computed on a subset of the data.

. Rak
-Time < ™ 42—+ o+ & = 0 (25)

€




(a, B)-Approximation for k-Squares (3)
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(a, B)-Approximation for k-Squares (3)
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(a, B)-Approximation for k-Squares (3)

(a,f)-
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(a, B)-Approximation for k-Squares (3)

(a,f)-
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| e—net algorithm

0, (E) Time
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(a, B)-Approximation for k-Squares (3)

(a,B)-
/ \approximation
1 ’ Add to
ol (= oints outout
€ > (6) p ) »
| e—net algorithm
0(d*k]
i Time = linput|°@k = (1)
0 (%) Time linput| -
> Optlmal )
k-squares
R
(exhaustive search) k centers
( Repeat )
logn
1 |< ken points | Remove (1 — ke)n
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(a, B)-Approximation for k-Squares (3)

First approach:
- p = logn.
- a = 1 since optimal squares were computed on a subset of the data.

_ 0(d?k)
Time < 255 (244 (2)7)

logE € €




